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Akbarov Ulug‘bek
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Annotatsiya: Ushbu maqolada Matematik analizning muhim tushunchalaridan biri bo‘lgan boshlang‘ich funksiya va
anigmas integral nazariyasi keng yoritiladi. Xususan, funksiyaning boshlang‘ich funksiyasi tushunchasi, uning mav-
judligi va xossalari, shuningdek, anigmas integralning ta’rifi va asosiy integrallash qoidalari ilmiy jihatdan tahlil gilinadi.
Magolada Integral hisobning nazariy asoslari bilan bir gatorda, amaliy misollar orgali mavzuning mohiyati ochib beri-
ladi. Bundan tashqari, integrallash usullari, jumladan, o‘zgaruvchini almashtirish va gismlarga ajratib integrallash usullari
hagida batafsil ma’lumot berilib, ularning go‘llanish doirasi misollar yordamida tushuntiriladi. Elementar funksiyalar uchun
anigmas integrallar jadvali va ularni go‘llash usullari ham ko‘rib chigiladi. Shu bilan birga, integrallash jarayonida yuzaga
keladigan murakkabliklar va ularni bartaraf etish yo'llari ilmiy asosda yoritiladi.

Magqgolada Nyuton—Leybnits formulasining mazmuni, uning aniq integral bilan bog'‘ligligi hamda matematik analizdagi o‘rni
alohida ta’kidlanadi. Boshlang‘ich funksiya va anigmas integral tushunchalarining fizik, texnik va iqgtisodiy masalalarni
yechishdagi ahamiyati ham gisqacha tahlil qgilinadi.

Boshlang‘ich funksiya, anigmas integral, Integral hisob, Matematik analiz, integrallash usullari, o‘zgaruv-
chini almashtirish, gismlarga ajratib integrallash, elementar funksiyalar, integral jadvali, Nyuton—Leybnits formulasi, diffe-
rensiallash, matematik modellashtirish.

Abstract: This article comprehensively discusses one of the key concepts of mathematical analysis—antiderivatives and
indefinite integrals. In particular, the notion of an antiderivative of a function, its existence and properties, as well as the
definition of the indefinite integral and the basic rules of integration are analyzed from a scientific perspective. Along-
side the theoretical foundations of integral calculus, the essence of the topic is illustrated through practical examples.In
addition, methods of integration, including substitution and integration by parts, are explained in detail, and their scope
of application is demonstrated through examples. Tables of indefinite integrals for elementary functions and methods of
their application are also examined. Furthermore, potential difficulties arising in the process of integration and ways to
overcome them are discussed on a scientific basis.

The article also highlights the essence of the Newton—Leibniz formula, its connection with the definite integral, and its
role in mathematical analysis. The importance of antiderivatives and indefinite integrals in solving problems in physics,
engineering, and economics is briefly analyzed.

Antiderivative, indefinite integral, Integral calculus, Mathematical analysis, methods of integration, substitu-
tion method, integration by parts, elementary functions, table of integrals, Newton—Leibniz formula, differentiation, math-
ematical modeling.
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AHHOTaums: B gaHHONM cTaTbe NoapoOHO paccMaTpuBaEeTCs OOHO M3 BaXKHEWLUMX MOHATUMIA MaTemaTuyeckuin aHanms
— nepBoobpa3Has (pyHKUMSA M HeonpedenéHHbIi MHTerpan. B yacTHocTW, aHanu3vpyloTcs MOHATUE NepBOObpasHoi
byHKLMM, €€ CYLLLECTBOBAHUE M CBOMCTBA, a TakKe AaéTCsl HAyYHOe onpeneneHne HeonpeaenéHHoro HTerpana u pac-
CMaTpUBalOTCA OCHOBHbIE MpaBua NHTErpupoBaHns. Hapsioy ¢ TeopeTuyeckmummn ocHoBaMm VIHTerpansHoe ncymcneHme,
CYLLIHOCTb TEMbI PacKpbIBAETCS C MOMOLLIbIO NMPaKTUYECKNX NPUMEPOB.

Kpome Toro, nogpo6HO OCBeELLaOTCA METoAbl MHTErPUPOBAHWS, BKIKOYas 3aMeHy MEPEMEHHOW U UHTErPUPOBaHME Mo
YacTaM, a TakkKe OEMOHCTPUPYETCS 06nacTb MX MPUMEHEHMSI Ha KOHKPETHbIX NpumMepax. PaccMartpuBatotcst Tabnuubl
HeonpeaenéHHbIX MHTErpanoB 3reMeEHTapHbIX OYHKLUUIA U CMOCOGbl MX MCMONb30BaHUsA. Takke aHanM3upylTcs BO3-
MOXHblE TPYAHOCTM, BO3HMKAKOLLME B NMPOLIECCE MHTETPUPOBaHWS, Y Hay4YHO OBOCHOBaHHbIE MyTU UX Npeogoriexus. B
cTaTbe OTAEeNbHO NoAYépKmnBaeTcs cogepkaHne ®opmyna HetoToHa—l1en6H1La, e€ CBA3b C ONPeaenEéHHbIM MHTErpanom
1 porb B MaTeMaTnyeckoMm aHanmae. KpaTko paccMaTtpuBaeTcsi 3HaYeHne nepBoobpasHol (YHKLMKN 1 HEONpeaenéHHoro
WHTEerpana npv peleHun 3agay B onsnke, TEXHUKE U SKOHOMUKE.

[MepBooGpasHas yHKUMs, HeonpeaenéHHbln nHTerpan, MHTerpansHoe ncumcnexHue, Matemarude-
CKUWA aHanus, MeTofbl MHTErPUPOBaHUS, 3aMeHa NEPEeMEHHOW, UHTErPUPOBaHNE MO YacTsaM, NeMeHTapHble YHKLNK,
Tabnuua nHterpanos, ®opmyna HetoToHa—llenbHuua, anddepeHupoBaHme, MateMaTu4eckoe MoaenpoBaHve.

Boshlang‘ich funksiya va anigmas integral. Differensial hisob bobida berilgan y = F(x) funksiyasining F'(x)
= f(x) hosilasini topish masalasi bilan shug‘ullangan edik. Ammo bir gator savollarga javob izlashda teskari,
ya'ni y = F(x) funksiyani uning ma’lum bo‘lgan F'(x) = f(x) hosilasi bo‘yicha topish masalasiga duch kelamiz.
Masalan, moddiy nugtaning harakat tenglamasi S = S(t) berilgan bo‘lsa, unda t, vagtgacha bosib o'tilgan masofa
So = S(t,) kabi aniglanadi. Ammo harakat tenglamasi S = S(t) noma’lum bo‘lib, uning hosilasi S'(t) = v(t), ya'ni
oniy tezlik berilgan holda S, = S(t,) masofani ganday topish masalasi paydo bo‘ladi. Bu kabi masalalar integral
tushunchasiga olib keladi va uni o‘rganishga kirishamiz.

1-ta’rif: Biror chekli yoki cheksiz (a, b) oraligdagi har bir x nuqtada differensiallanuvchi va hosilasi
F'(x) = f(x) (1) shartni ganoatlantiruvchi F(x) berilgan f(x) funksiya uchun boshlang‘ich funksiya deyiladi.

X

Masalan, f(x) = (a > 0, a # 1), x € (=, =), funksiya uchun F(x) =

X

a*,, _ alna
Ina )= Ina

o'zgarmasda x? + C boshlang'‘ich funksiyalar bo‘ladi. Demak, berilgan y = f(x) funksiya uchun F(x) + C ko'ri-

nishdagi cheksiz ko‘p boshlang‘ich funksiya mavjud bo‘ladi. Bunda F(x) birorta boshlang‘ich funksiyani, C esa

ixtiyoriy o‘’zgarmas sonni ifodalaydi. Bu yerda berilgan y = f(x) funksiya uchun barcha boshlang‘ich funksiyalarni

topish masalasi paydo bo‘ladi. Bu savolga javob berish uchun dastlab ushbu lemmaga (yordamchi teoremaga)

garaymiz.

LEMMA: Agar y = Q(x) funksiya biror (a, b) oraligda differensiallanuvchi va bu oraligning har bir nugtasida
uning hosilasi Q'(x) = 0 bo‘lsa, unda bu funksiya (a, b) oraligda o‘zgarmas, ya’'ni Q(x) = C (C — const) bo‘ladi.
Isbot: Qaralayotgan (a, b) oraligdan ixtiyoriy ikkita x; va x, (X # X,) nuqtalarni olamiz. Unda y = Q(x) funksiya
olingan [x4, x,] kesmada Lagrange teoremasining barcha shartlarini ganoatlantiradi va shu sababli Q(x,) = Q(x1)
= Q(€) (x2 = x1),

X1 < & < x, tenglik o'rinli bo‘ladi. Lemma sharti bo'yicha (a, b) oraligning barcha nugtalarida Q'(x) = 0 bo‘lgani
uchun ¢ nugtada ham Q'(§) = 0 bo‘ladi. Bu yerdan, oldingi tenglikka asosan Q(x,) — Q(x;) = 0, ya’ni Q(x,) =
Q(x1) tenglikka ega bo‘lamiz. Bu esa Q(x) = C ekanligini ifodalaydi. Lemma isbot bo‘ldi. Endi quyidagi teoremani
garaymiz.

1-teorema: Agar F(x) va ®(x) berilgan f(x) funksiyaning ixtiyoriy ikkita boshlang‘ich funksiyalari bo‘lsa, u
holda biror C o‘zgarmas sonida ®(x) = F(x) + C tenglik orinli bo‘ladi.

Isbot: Teorema shartiga asosan F(x) va ®(x) berilgan f(x) funksiyaning boshlang‘ich funksiyalari bo‘lgani
uchun F'(x) = f(x) va ®'(x) = f(x) tenglik o'rinlidir. Bu yerdan Q(x) = ®(x) — F(x) funksiyaning hosilasi

Q'(x) = [D(x) = F(x)] "= ®'(x) = F'(x) = f(x) — f(x) = 0 ekanligini ko‘ramiz. Unda, oldingi lemmaga asosan Q(x)
= C natijani olamiz. Demak, Q(x) = ®(x) — F(x) = C va hagigatan ham ®(x) = F(x) + C tenglik o'rinli bo‘ladi. Bu
teoremadan ushbu muhim xulosa kelib chigadi: agar F(x) berilgan f(x) funksiyaning birorta boshlang‘ich funksi-
yasi bo‘lsa, uning barcha boshlang'‘ich funksiyalari F(x) + C

(C —ixtiyoriy o‘'zgarmas son) kabi aniglanadi. Demak, f(x) funksiyaning barcha boshlang‘ich funksiyalarini
topish uchun uning birorta F(x) boshlang‘ich funksiyasini topib, unga C o‘zgarmas sonni qo‘shib qo‘yish kifoya.
Masalan,

f(x) = 2x funksiyaning barcha boshlang'ich funksiyalari x* + C ko‘rinishida bo‘ladi.

3 boshlang‘ich funksiya bo‘ladi,

chunki ixtiyoriy x uchun F'(x) = ( a* = f(x) tenglik o'rinlidir. Masalan, f(x) = 2x uchun ixtiyoriy C
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2-ta’rif: Agar F(x) biror (a, b) oraligda f(x) funksiyaning boshlang‘ich funksiyasi bo‘lsa, unda F(x) + C (C —
ixtiyoriy o‘zgarmas son) funksiyalar to‘plami shu oraliqda f(x) funksiyaning anigmas integrali deyiladi. Berilgan
f(x) funksiyaning anigmas [ f(x)dx integrali kabi belgilanadi va ta’rifga asosan, birorta F(x) boshlang‘ich funksiya
bo‘yicha | f(x)dx = F(x) + C(2) tenglik bilan aniglanadi. Bunda C ixtiyoriy o‘zgarmas son ekanligini yana bir marta
eslatib o‘tamiz. (2) tenglikda [ — integral belgisi, f(x) integral ostidagi funksiya, f(x)dx integral ostidagi ifoda, x
esa integrallash o‘zgaruvchisi deyiladi. Berilgan f(x) funksiyaning | f(x)dx anigmas integralini topish amali bu
funksiyani integrallash deb ataladi.

Anigmas integral xossalari. Anigmas integral ta'rifidan uning quyidagi xossalari kelib chigadi. Anigmas
integral hosilasi integral ostidagi funksiyaga teng, ya'ni

Isbot: Anigmas integral va boshlang’ich funksiya ta'rifini ifodalovchi (2) va (1) tengliklarga asosan ([ f(x)dx)'
= (Fx)+C)'= F'(x)=f(x)

Anigmas integral differensiali integrali ostidagi ifodaga teng, ya’ni d ff(x Ydx=f(x)dx
Isbot: Differensial ta'rifi va oldingi xossaga asosan d(/ (f(x)dx) =(J f(x)dx)' dx=f(x)dx

Izoh: Bu yerdan differensiallash amali integrallash amaliga teskari amal ekanligini ko‘ramiz. Biror funksi-
yaning hosilasidan olingan anigmas integral shu funksiya bilan ixtiyoriy C o‘zgarmasning yig’indisiga teng, ya’ni
[ F'(x)dx =F(x)+C

Isbot: Agar F'(x)=f(x) deb belgilasak, unda F(x) hosil gilingan f(x) funksiya uchun boshlang’ich funkiya
bo‘ladi. Unda, anigmas integral ta’rifiga asosan, | F'(x)dx = d(/ (f(x)dx) =F(x)+C. Biror funksiyaning differensia-
lidan olingan anigmas integral shu funksiya bilan o'zgarmas yig'indisiga teng, ya'ni | dF(x) =F(x)+C

Isbot: Differensial ta’rifi va oldingi xossaga asosan | dF(x) = | F' (x)dx = F(x)+C

Izoh: Bu yerdan integrallash amali differensiallash amaliga o‘’zgarmas son anigligida teskari amal ekan-
ligini ko‘ramiz.

O‘zgarmas k ko‘paytuvchini integral belgisidan tashqariga chigarish mumkin, ya'ni | kf(x)dx=k/ f(x)dx

Bu tenglik o‘’zgarmas son anigligida tushuniladi.

Isbot: | xossaga asosan ikkala anigmas integral bir xil kf(x) hosilaga ega. Demak, bu anigmas integrallarning
ikkalasi ham kf(x) uchun boshlang’ich funksiya bo‘ladi va shu sababli ular bir-biridan fagat o‘zgarmas songa
farq qilishi mumkin.

Ikkita funksiya algebraik yig'indisidan olingan anigmas integral shu funksiyalarning har biridan olingan
anigmas integrallarning algebraic yig’indisiga teng, ya'ni

[ If(x) £ g(x)dx = [ f(x)dx + [ g(x)dx]
Bu yerda ham tenglik o'zgarmas son aniqligida tushuniladi. Isbot: Anigmas integralning | xossasiga asosan
[Tf(x) £ g(x)dx)]' = f(x) £ g(x)
Algebraik yig'indining hosilasi va | xossaga asosan
([ f(x)dx £ [ g(x)dx)" = ([ f(x)dx)" + ([ g(x)dx)' = f(x) £ g(x)

Demak, VI xossadagi tenglikning ikkala tomonidagi funksiyalar bir xil hosilaga ega vas shu sababli ular
o‘zgarmas son aniqgligida teng bo‘ladi.

Masalan, | (5*+ 2x)dx = | 5% dx + | 2xdx =5x/In5 + x2 + C
Izoh: VI xossa chekli sondage funksiyalarning algebraic yig'indisi uchun ham o‘rinli bo‘ladi.

Yoyish usuli: Bu usulda dastlab berilgan integral ostidagi murakkabroq f(x) funksiya fi(x) soddaroq funk-
siyalarning chizigli kombinatsiyasiga yoyiladi. Bu usulni matematik ko‘rinishda quyidagicha ifodalash mumkin.

[F(x)dx = [ AF(X) + Acfa(X)+ .o, +Af(x)dx = Aq [ f(x)dx + Ay [ f(x)dx + ......... + A, | f.(x)dx
Misol sifatida quyidagi integralni hisoblaymiz:

_ 2
jwdxzj(ﬁ_g,.,.i)dxz7]%_5jdx+j%:7||nx|_5x_l+C
X2 X X? X x? X

—sin?
[ tg® xdx = Ismx dx=J‘I SINX ax = ( ! —1)dx =]

! dx-Jdx=tgx—x+C
08X Cc0Ss?X cos?x 2X
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Differensial belgisi ostida kiritish usuli. Bu asosiy integrallar jadvalidagi 17-integral ekanligini eslatib o’tamiz.
Bu usul anigmas integrallashning invariantlik xossasi orqali amalga oshiriladi:

[ f(x)dx = F(x) + C = [f(u)du = F(u) + C

Bu tenglik differensiatsining invariantlik xossasidan (5) kelib chigadi va unda u = u(x). Shunday qilib, inte-
grallash o’zgaruvchisi x biror differentsiallanuvchi funksiya bilan almashtirilsa, integral javobida ham x o’rniga
u = u(x) funksiya qo'yiladi. Ko’p hollarda bu usulni go’llash uchun dastlab integral ostidagi funksiyaning bir
gismini differensial ostiga kiritiladi va integral sifatida quyidagi integrallarni hisoblaymiz. Misol sifatida quyidagi

integrallarni hisoblaymiz. , ,

flnxdlnx=(u=|nx)=judu:U7+C= N’ , o

Mazkur maqgolada boshlang‘ich funksiya va anigmas integral tushunchalarining nazariy asoslari yoritildi
hamda ularning o‘zaro bog'ligligi tahlil gilindi. Xususan, anigmas integral boshlang‘ich funksiyalar oilasini ifoda-
lashi, ya’ni bir xil hosilaga ega funksiyalar orasidagi umumiylikni aks ettirishi ko‘rsatib berildi. Shuningdek,
integral hisoblashning asosiy qoidalari va usullari gisgacha ko'rib chigildi hamda ularning amaliy masalalarni
yechishdagi ahamiyati ta’kidlandi. Olib borilgan tahlillar boshlang‘ich funksiya va anigmas integral matematik
analizning muhim tushunchalari ekanligini hamda ular orgali murakkab funksional bog‘lanishlarni o‘rganish
mumkinligini ko‘rsatadi.
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